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Abstract 
Having established the best adaptation and solution offered by the modular model in previous studies, the current choice is 
based on the minimization of the p/2k dimensionless relation obtained in each model, analyzed under the same boundary 
conditions and efforts. This paper shows the study for the optimal choice of the geometric distribution of blocks among the 
different covered. The Upper Bound Theorem (UBT) is applied by Triangular Rigid Blocks (TRB) under modular distribution 
to an indentation process. Cases of different thicknesses are considered to extend the application of the model. 
© 2013 The Authors. Published by Elsevier Ltd. 
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1. Introduction 
To achieve plastic deformation in the majority of the technological applications, as the indentation process, 
customarily is valid enough to use an approximate value of the effort. Hence, knowing the exact amount of 
pressure is not necessary to reach the deformation process. There are different applications and techniques for 
calculate the approximate efforts fairly near to the real efforts, being the Upper Bound Theorem (UBT) one of 
them. 
By the application of the UBT is always obtained a value over the real one, thus ensuring the necessary effort to 
accomplish the required plastic deformation every time [Rowe (1972), Kudo (1960), Kobayashi et al. (1960)], 
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being that the reason why the application of the UBT, a method that takes an approximate approach, can be 
successful and close enough to reality and useful to give a simple solution that will allow to solve the problem. 
This process is chosen because it has a complexity limited in comparison with other traditional processes of 
analysis [Hill (1998)], such as the numerical methods, which allows its analytic implementation without a high 
mathematical or computational cost [Olivares et al. (2011), Domingo et al. (2008), Martín et al. (2007), Martín et 
al. (2009)]. Within this scope, it is shown that the modular design is an optimal approach [Martín et al. (2009),] for 
the resolution of the indentation process. 
The development of the UBT used Triangular Rigid Blocks (TRB) on which are assumed that both the stresses 
and deformations occur only at the planes that define each TRB, since each point of each TRB will move with the 
same direction and same speed, being along this discontinuity where the shear effect and changes will occur at high 
speeds [Hosford and Caddell, (2011)]. Through the modular design, is particularized this kinematic-geometric 
condition and modules of no more than three TRB, are introduced allowing more accurate solutions and increasing 
the capacity to analyze the different factors that are involved in the process, always conducting the study under 
consideration of a plain strain. 
Previous studies [Bermudo et al. (2011)] have shown the capacity and versatility of the modular design in the 
application of the Upper Bound Theorem (UBT) using Triangular Rigid Blocks (TRB) in the specific case of 
indentation, special case of the forging process. A comparison between the not modular model and the modular 
model shows that modular model presented a ratio of lower p/2k values, being, therefore, a more appropriate 
model. 
As in other processes [Martín et al. (2010)], the present study develops the modular application and performs an 
analysis of adaptation of the modules to select the geometric distribution more appropriate to the process of 
deformation in a case of indentation, in order to optimize the dimensionless p/2k ratio and get values closest to the 
real values. Always working under plane strain conditions, for which the UBT is especially suitable, knowing the 
material will present its maximum resistance when  = k and therefore the power dissipated due to the internal 
energy value shall not exceed the value k·s·v, where s is the length of the line of discontinuity of the tangential 
speed [Chen, (2007)]. As in the previous approaches [Martin et al. (2011)], the study will focus on a quarter of the 
piece owing to the double symmetry imposed. 
Due to extend the study to different material thickness to be formed, this research will present the results of this 
application to models with different thicknesses of different values, conducting a study of the most appropriate 
model in each case (Fig. 1). 
 
Fig. 1. Identification of the area of study in cases of different thickness. 
2. Methodology 
Having implemented the modular model as the most appropriate solution for the study of the process of plastic 
deformation in a indentation case [Bermudo et al. (2011)], it is considered correct to continue the study for the sake 
of a better adaptation of the modules and optimization of the data obtained by this model, as well as an expansion 
of the dimensions of the piece studied. 
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At the beginning the procedure was applied to a similar configuration as the one that can be found in the Ford 
trial [Rowe (1972)], i.e. a piece of reduced thickness. Since this setting is more suitable for a process of forming 
sheet metal [Dieter et al. (2003)], the geometry part studied was extended to expand the study and adapt it to a 
forging process. Therefore the work also will be studied with a piece of larger dimensions. Fig. 2 shows, for both 
cases, the portion of material studied. 
Fig. 2. Boundary conditions on the study area. 
In the following sections will be presented and discussed the different alternatives of modular distribution and 
TRB considered, on which will be applied the UBT once developed for each case the corresponding hodograph, 
always from a kinematically admissible velocity fields, and once imposed boundary conditions inherent to the 
process, which will be common in all models that will be studied. 
In case of a piece of more thickness, the rectangle 1234 will descend, by the same proportion, in the direction of 
the punch, until the base 34 is in contact with the horizontal symmetry line. At that time the module’s high will 
start reducing. The material to the right of the rectangle studied, ie., adjacent to 24, it is assumed rigid-perfect, so 
that it will be displaced proportionately to the side. 
2.1. Approach 1 
The study will start with the model that is shown in Fig. 3, consisting of a module (A) composed of three TRB 
and another module (B) with two TRB. A module of only two blocks is chosen because in this way the model is 
better adapted to the flow of the material in that area. 
 
Fig. 3. Approach 1 
The difference between the study of a part of reduced thickness and other of higher thickness lies in the 
interpretation of the internal conditions in the piece. Working with a piece of reduced thickness, the value of m1 is 
zero because due to the symmetry, the lower block moves with the same speed and in the same direction as in the 
upper block, creating no friction. On the contrary, in the case of a piece of considerable size, i.e., a high thickness, 
the line of symmetry is away from the portion of material studied and therefore, m1 will be the unit [Fereshteh-
Saniee et al. (2004)]. 
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Now is shown how is perform the analysis of the kinematically admissible velocity field and raise the equations 
relating to each module, then present the weighted mean and obtain the final values. 
 
Fig. 4. Module and Hodograph A, Approach 1 
Being b, h and V known values and m the adhesion friction, it is possible to consider the following equation 
(Eq.1) and solve it as a function of p/2k (Eq.2). 
 
 (1) 
 
Solving according to the relationship of Fig. 4 is obtained eq. 2: 
 
 (2) 
 
It then proceeds to perform the same analysis for the module B as shown in Fig. 5 
 
Fig. 5. Module and Hodograph B, Approach 1 
And solving according to the above relation, it can be obtain Eq.3: 
 
 (3) 
 
It can be appreciated that in this case there is not friction m because the module is not in contact with the punch 
and thus the punch-work piece friction is not included in the equation. 
2.2. Approach 2 
For the following model, a partition of the first module of the Approach 1 is made to introduce a two TRB 
module, similar to the module B of the Approach 1. This way provides a notable simplification of the equations 
above. Fig. 6 shows the new arrangement. In this case, all modules have the same orientation. 
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Fig. 6. Approach 2 
Therefore, as in the previous model, each module is studied separately and the p/2k relation is obtained for each 
of them as shown below in Eq. 4-6 
 
 (4) 
(5)
(6)
2.3. Approach 3 
Finally, a model similar to the previous but with redirected modules is presented. Thus, modules that are under 
the punch will have an inclination to the right and the module that is free will be in the opposite direction, as 
shown in Fig. 7 
 
Fig. 7. Approach 3 
Studying each module separately, the relations p/2k necessary in each case is obtained (Eq.7-9). 
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3. Results 
Once analyzed separately the models, the comparison for choosing the most appropriate model proceeds. To 
achieve the full p/2k value, a weighted mean is performed. In response to the approach model 2 and 3, the weighted 
mean is shown in Eq.10: 
 
 (10) 
 
Applying the UBT to the extreme values of friction as a function of the shape factor b/h, we obtain the following 
graphs shown in Fig. 8. 
In Fig. 8, Graph. 1, prepared for zero friction on the punch (m=0) and in case of small thicknesses (m1=0), the 
three results curves match. The concurrence of values when there is no friction indicates that all three models are 
similar and the approach is correct. There is nothing to stop the flow of the material beyond the same properties of 
this and, working with a perfectly rigid-plastic (PRP) material after reaching the yield value, it would not have 
hardening or discontinuities in the flow 
When the friction value increase, the models differ of each other. For values of maximum friction, working on 
the same piece of reduced thickness, shown in Graph. 2, the difference between the three models is clearly visible. 
In response to these results, the model corresponding to the Approach 3 is offering values of p/2k significantly 
lower and, therefore, turns out to be the optimal model for this process with these boundary conditions. 
However, when working at the other end of the spectrum of thicknesses, i.e. when the indentation take place on 
a piece of greater thickness (m1=1), the results are reversed in the way in which can be seen in the Graph. 3 and 4. 
When is considered a null friction with the tool (m=0), the model which offers the lower values is the Approach 2, 
being the Approach 3 the one that offers highest p/2k values. When the friction with the tool is maximum, the three 
models match again. 
It is interesting to observe that, among the Approach 2 and 3 of Fig. 2, the difference obtained from a change of 
orientation in the modules, produces a considerable improvement in the model. This is due to the tool-piece friction 
treatment in each module because, although the friction is situated under the punch in the two modules, in the 
Approach 2 the value of m is incorporated in the two equations due to the geometric approach of the hodograph. 
But in the Approach 3 the hodograph is different and in the equation of the first module does not appear the value 
of friction. 
For the full understanding of this phenomenon, is necessary to conduct a closer study of the two models, 
specifically in the orientation change of the module. In Approach 3, TRB 1 suffers the completely push from the 
punch, due to the boundary conditions and the process itself, it has no horizontal absolute speed, it only moves in 
the vertical downward with the same speed of the punch, V, and, therefore, the friction between the tool and the 
piece will not take place. On the other hand, in Approach 2, this same block is only in contact with the punch by its 
vertex, being the TRB 2 the one that receives mostly the vertical thrust. In addition, the TRB 2 receives the 
horizontal thrust of the TRB 1 and, therefore, is there where the friction with the tool that does not appear in the 
latest model will take place. 
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Fig. 8. Results of each model according to the boundary conditions 
 
Fig. 9. Friction similarity  on Approach 2 
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Due to the same phenomenon, when working with a piece of considerable thickness, it can be appreciated in 
Fig. 2 and 3 that are reversed owing to the boundary conditions. Where before there was a maximum friction 
(m=1) and symmetry (m1=0), there will be no friction now (m=0) and the symmetry remain distant from the 
surveyed (m1=1), a case that is best seen in Fig. 9. 
Moreover, comparing all results in a single chart (Fig. 10), when the boundary conditions are opposite, as in the 
case of zero friction in the piece of reduced thickness (Fig. 10, Ap n *) and the maximum friction in the piece of 
greater thickness, the Approach 2 produces the same results because of its uniform shape, of having all its modules 
in the same direction, and because of the mathematical treatment of itself. Thus it could be determined which is the 
most stable model of the three. 
 
Fig.10. Comparison of all models under reverse conditions of m and m1 
4. Conclusions 
Consequence of the introduction of the consideration of a piece with a substantial thickness, there are two 
options depending on the process being analyzed. 
In case of studying a piece with a reduced thickness, the approximation that offers the best results of p/2k is 
Approach 3. This would be proposed as the most suitable approach in a process of indentation of those 
characteristics, since fulfills the initial conditions and boundary, respects the material flow and provides the 
solution for the relationship of p/2k values. Otherwise, in the part of the study that presents a piece of considerable 
thickness, the best model to follow would result from the application of the Approach 2. This would be proposed 
as the most appropriate since, like the previous one, it respects the flow, the boundary conditions and shows lower 
values of p/2k. 
Now, since the Approach 2 presents the same results when m=1, m1=0 and m=0, m1=1, and that when working 
with a lower friction in a piece of reduced thickness and a maximum friction in one of considerable thickness the 
three models show the same results, the Approach 2 could be classified as the most stable and acceptable model for 
the treatment of the indentation process by applying the UBT by TRB. The application of the UBT always gives 
values equal or greater than the real value, therefore a more accurate model which gets lower results, the more will 
be the results approached to the real behavior of the material. So if a precision study is required for a piece of 
reduced thickness, that customarily will be the less cases, it may be apply the Approach 3. 
Thus, Approach 1 can be discarded for any of the two studies because it will always present greater results, 
reducing the resolution of the problem to the application of two models, Approach 2 and 3 according to the 
thickness of the piece to be treated. Note that removing modules consisting of three TRB and replace them with 
only 2 TRB, allows greater versatility when it comes to adapt it in a simple manner the model to future studies of 
the geometry of the punch or of the piece. 
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Therefore, it has been analyzed different modular configurations through which it has been determined the most 
favorable (with the inclusion of a module of different geometric characteristics), with which a new p/2k value is 
reached and, hence, a better approximation to the real value. 
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